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ABSTRACT. We establish some new transformation involving bilateral
hypergeometric series and summation formulae by g-exponential func-
tions and mentioned two special cases of it.
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1. INTRODUCTION

The study of basic hypergeometric series started in 1748 by Euler. The
basic hypergeometric series was first studied systematically by Heine [§],
but many early results are attributed to Euler, Gauss and Jacobi. Hy-
pergeometric series find applications in various field of mathematics and
physics, including probability theory, combinatorial identities, fluid dynam-
ics and quantum mechanics and also basic hypergeometric series are now
major interactions with Lie algebras, combinatorics, special functions and
number theory, primarily due to their ability to represent complex func-
tions and solve differential equations that arises in these domains. Using
different parameters in bilateral hypergeometric series, one can derive var-
ious summation identities involving sums over integers, including identities
related to binomial coefficients, Fibonacci number, and other combinato-
rial sequences. Many mathematicians Andrew(1], Bailey[3, 2], Dogoull[6],
Gasper[7], Ismail[9], Jackson[11, 10], Somashekara[15] and Slater[14] con-
tributed to the summation and transformation of hypergeometric series
identities. For more details about hypergeometric series and its applica-
tions see[15], [13], [10], [12], [4], [1] and [2].

Before, we going to prove main results, we introduce by presenting some
standard definition and identities, for complex numbers a and ¢ and |¢| < 1,
Pochhammar Symbol[7] is defined as

n—1

(a)n = (a;q)n == [ (1 — ag®),
k=0

(@)o = (a5 9)o0 == [ (1 = ag®),
k=0
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and
(45 @)oo

1 a)p = (a;q)p i = ———.
(1) (@) = (@) = pod
It is easy to deduce the following identity;

(2) (@)s+t = (a)s(ag”)s,
where s and ¢ are non negative integers.
The basic hypergeometric series [7] is defined as

o (a13), (021 Q)n(@33 Q)+ (43D, vn 2D i o
tulonan s aibube - bigz) = ) ((q;q)) ((b1;Q))n((bg;Q)l---(bk];q)n (Cayrg e,

where g # 0, which converges for |z| < coif j < k and for |z| < 1if j = k+1.
The bilateral hypergeometric series|7] is defined as

n=0

i (a159),. (a2; n(a3; Q)n - - (4559 (1) i
(b1; )., (b2; @) (b33 @) -+ (b5 @)

%ﬂ|<|z|<lifj:kandfork>jit

converges in the whole complex plane i.e for |z| < co.

qu)k(alaab' o 7aj;b17b27 e 7bk;qu) =

n=—oo

where which converges for |

Ramanujan’s general theta function f(a,b) [5, 12]is given by

n(n

Ja,b) =143 (ab) "7 (@" +b")
n=1

2\ n(t) (-1
nn n{n—
=Y a2 bz, lab<l.

n=-—00

The g-binomial theorem|7]is given by

(@ @)n ,_ (a210)
®) ;(q;q)nz (50w

and an interesting special case of q-exponential functions [7], which are due
to Euler are given by

o0

1 1
4 2= .
W nzzo (@ Dn (510)
Jacobi’s well-known triple product identity|7]

o.¢]
1 1
(5) (202,02 /2.0 Qoo = 3 (=1)"" /%"
n=-—00

can be easily derived by using Hein’s summation formula[7].
The following lemma was proved in 1970[1] which is used to prove our main
results;

Lemma 1.1. [15]: Under the suitable conditions of convergence, if ¢, =
ZZ?:O am+nbm7 then,

(6) me Z ap = Z Ch-

m=0 =—00 n=—oo
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2. NEW TRANSFORMATION OF BILATERAL HYPERGEOMETRIC SERIES.

We prove some new transformation for bilateral basic hypergeometric

series in this section.

Theorem 2.1. We have

2
i (P —20-a/% =2 ) <1
(25 P)n L) v 1R ;
n=—00 1 n ) o
where q is a complex number with |q| < 1.
Proof. Let
2n? _n (_1)n
an =q" 2 b
n ’ n (q4’q4)
Then,
oo
Z am+n m
oo
_ N\ mn 2meny? (SO
=2 M (7% q")
m=0 ! m
oo
_ Z anmq2m2+4mn+2n2 (_1)m
— (@* ¢")m
= q2n ( q4n+2;q4)oo
Using (6), we get
— n 2n 4n+2 4
i 2= 3 e
m=0 ’ M p=—o0 n=—00

now using (4), Jacobi Product[7]and by replacing q by ¢?, we get

2
) i G A e T e WML W I
n=—00 (7zqn+1;q2)n (71aq )oo ’ .
Theorem 2.2. We have
o0 «
: (¢:¢%)s0
Z q2n(q5(n+l);q3)oo = m’ |q‘ <1,

where q is a complex number.

Proof. Let
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Then,

using (4), we get

n. n
en=q"2" e,
" (42% ¢%)oo
replacing a by ¢z? in equation (1.1), we get

1

2% @ (2247 ¢ ) oo

Cp = q”z”(

Using equation (6), we get
00 m 00 00 1

z n_n n_n
e gz = qz )
Z (@) m Z Z (022, )n (283" ) oo

m=0 n=-—00 n=-—00

now using (4), we get

(o) o]

1 Z qnzn _ Z q”Z"
(2:¢%)0 = = (@) (PP )
then
qnzn(22q3n+l. qS) _ (z qS)
n;w e mn;m (222 ¢%)n’
now replacing z by ¢, we get
. 2n( 3n+3. 3 3 - (¢*)"
> @) = (6600 Y T
n=-00 n=-—00 ! n
Now, again using equation (4), we get
- 2n( 3n+3. 3\ _ (q;qg)oo
Y (g 7q)oo—7(2. 5
Rt 7% ¢%)oo
Theorem 2.3. We have
2
. —  2"¢" (¢ —2q,—q/7%0") .
(8) Y — = 1 2l <,
n=—o00 (anq )TL (_1,2617(1 )oo

where q is complex number with |g| < 1.
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Proof. Let

Then,

00
Cn = Z am+nbm
00

m=0

Zm+nq(m+n)2 (_1)m

= (7% q)m
m(m—1)
= g i (@) 7 (=gt
= (4% ¢*)m ’
2
= 2"¢" (24" ¢ oo
Using (6), we get
o oo oo
_1 m 2 2
((4’ 21) Z qn o= Z ann (Zq2n+1;q4)oo~
m=0 a4 n=-—00 n=—00

Using (4) and Jacobi triple product[15], we get

1 > n n2
9) W(QQa_Z%_Q/Z%(IZL)oo = > 20" (2" Yo
1) 0o =
Now replacing a by zq in (1), we get
(245 ¢")o0
10 22 N = ’
10) ( 2 = g
using (10) in (9), we get
1 2 4 - n n2 (263 q4)oo
T 4,72, —q/25q )oo = g TN
(—1;q4)oo( /54) n;m (24:¢*)n
which implies
2
i A U T
(2¢:¢*)n (—1,2¢:¢")o0

n=—oo

3. SOME SPECIFIC CASES

In this part, we derive some specific cases of our Theorem 2.1 and Theorem

2.3.
(1) Replacing z by ¢ in (7), we have

oo ,n2

q
Y gy, = 0

n=—oo
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(2) Replacing z by ¢ in (8), we have

[ee] qn2+n ) .
S = (070 )
n;m (@ 4" >
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